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Abstract 

We consider the field theory on non-commutative superspace and non-commutative 
spacetime that arises on D-branes in Type II superstring theory with a constant self- 
dual graviphoton and NS-NS B field background. J\f = 1 supersymmetric field theories 
on this non-commutative space (such theories are called M = 1/2 supersymmetric 
theories.) can be reduced to supermatrix models as in hep-th/0303210 PQ. We take an 



appropriate commutative limit in these theories and show that holomorphic quantities 
in commutative field theories are equivalent to reduced models, including non-planar 
diagrams to which the graviphoton contributes. This is a new derivation of Dijkgraaf- 
Vafa theory including non-planar diagrams. 
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1 Introduction 



It is generally interesting and difficult to study the 1/N 2 correction in large- A reduced 
models [2]. We consider the 1/N 2 correction in Dijkgraaf-Vafa theory [SII11EIIE], in which 
low energy effective theory of D=4 M = 1 supersymmetric gauge theory is equivalent to 
associated matrix model, in order to illuminate this problem in this paper. 

The proof of Dijkgraaf-Vafa theory in Af = 1 U(N) gauge theory coupled to one adjoint 
matter is given in It was shown there that the Schwinger-Dyson equations (the Konishi 
anomaly equations) of the field theory are equivalent to those of the associated matrix model 
for all holomorphic quantities. As a result, the field theory is equivalent to the associated 
matrix model as far as holomorphic quantities are concerned. The origin of this equivalence 
is shown in PUEj. This is a new large- N reduction in non-commutative superspace 2 . As 
in [B], field theories on non- commutative space [x At ,x I/ ] = —iC^ can be mapped to matrix 
models. In this procedure, If the original field theories have supersymmetry, these can be 
described by superfields on a superspace coordinates 9, 9) and the corresponding matrix 
models are functions of (9,9). Then we can consider non- commutative superspace, 

{9 a ,9 /3 } = 7 a/3 , {^,^}=7^, (1.1) 

in the matrix models. Therefore, we can map these matrix models to supermatrix models in 
which matrices are no longer functions of (9, 9). We can derive the equivalence of Dijkgraaf- 
Vafa theory from these supermatrix models. When we take these non-commutative param- 
eters to zero in these theories, the field theories and supermatrix models are still equivalent 
when limited to the holomorphic quantities. 

In particular, in the holomorphic terms, the quantity 1/N 2 can be represented by the 
ratio of the non-commutative parameter of superspace 7 a/3 to that of spacetime pQ, 

gl 64 det7 

AT2 ~ (27r) 4 detC 

where, g m is an appropriate constant in the supermatrix model. As a result, an expansion 
with respect to 1/N 2 in the supermatrix model can be naively regarded as that with re- 
spect to these non-commutative parameters in the non- commutative field theory. However, 
construction of field theories on the non-commutative superspace fll.l|) is difficult and has 

2 Rigorously, fermionic coordinates are non-anticommutative. However, we call them 'non-commutative 
superspace' for simplicity. In some case, we also use the term 'non-commutative superspace' for 'non- 
commutative superspace and non-commutative spacetime'. 
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not been achieved. Therefore, the 1/N 2 expansion is meaningful only for the leading (pla- 
nar) terms, which correspond to the commutative field theory. Thus, we can not consider 
non-planar quantities in the argument of pQ. 

In this paper, we will construct supermatrix models corresponding to field theories on 
non-commutative superspace, [H El HHj 

{e a ,e p } = 'f p , {e*,et} = o, 

[y lt ,y 1/ ] = -iC^, (1.2) 

where = x M + i9 a a > / x6 9 a . The construction of field theories on this non-commutative super- 
space has been achieved ^1] and these theories are called M = 1/2 supersymmetric theories. 
Although this non-commutativity breaks the unitarity of the theory, we consider this theory 
on a Euclidean space and ignore this problem. In section 2, we will show that amplitudes of 
non- planar diagrams disappear in usual supersymmetric field theories and appear in M = 1/2 
supersymmetric theories. When we take the commutative limit C^ u — > 0, / y af3 — > 0, while 
holding the ratio det7/ detC finite, the non-planar diagrams contribute to the commutative 
field theories. In section 3, we will show that these higher genus quantities correspond to 
those of the supermatrix models. Therefore, we will understand the equivalence between the 
commutative field theory and the supermatrix model including non-planar diagrams. If we 
take the ratio det7/ det C to 0, we obtain the usual commutative field theory to which the 
non-planar diagrams do not contribute. 

On the other hand, the non-commutative superspace ^H^JEIIE] anc ^ non- commutative 
spacetime (HI E3 EE] arises on D-branes in Type II superstring theory in constant self- 
dual graviphoton field strength F a/3 and constant NS-NS B^ u background [TZj. The non- 
commutative parameters are given by these background fields. Then the quantity 1/N 2 in 
the reduced model is also expressed in terms of these background fields and the expansion 
with respect to 1/N 2 can be regarded as a development with respect to these fields. Then, 
it is possible to take an appropriate commutative limit. Under this limit, the commutative 
field theory exhibits finite non-planar diagrams to which the graviphoton contributes. This 
result reproduces analyses in O EE] • 
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2 Appearance of the non-planar diagrams in Dijkgraaf- 
Vafa theory 

In this section, we calculate planar and non-planar diagrams in M — 1 U (N) gauge theory 
coupled to one adjoint matter. We show that the amplitudes of the non-planar diagrams 
disappear in commutative space [5 and do not disappear in non-commutative superspace [0] . 
Especially, we will show that the amplitudes do not either disappear under the commutative 
limit C^ u — > 0, 7 a/3 — > with a fixed finite ratio det7/ detC. We will interpret this result 
as the contributions of background graviphoton field strength and B field. 

2.1 Diagram calculation in commutative superspace 

We will calculate planar and non-planar diagrams in M = 1 U(N) theory. The action is 



S = / d 4 xd 2 6d 2 6 Tr (e^e^) + / d 4 xd 2 6 (Tr W($) + 2mrTi W a W a ) + c.c, (2.1) 



where V denotes the vector superfield including the U(N) gauge field, W a denotes its field 
strength, $ denotes a chiral superfield in the adjoint representation of U(N) and r denotes 
a gauge coupling constant. VK(<&) denotes a (m + l)th order polynomial superpotential, 



We can consider this potential in general, however it is enough to consider the simpler 
superpotential, 



in this section. 

First, we calculate two loop diagrams for matter field in this theory. Since this theory 
is holomorphic, the matter kinetic term (D-term) and the superpotential (F-term) are de- 
coupled. Therefore, we can evaluate these amplitudes considering only the superpotential. 
Then, the propagator of the superfield $ is 1/m in terms of the holomorphic quantities. The 
three point vertex is g. Using these Feynman rules, we can calculate the two loop amplitude 
for matter field of figure 1 (a) as follows: 



of 




(2.2) 




(2.3) 



a 



b 



Figure 1: (a) two- loop planar diagrams, (b) a two-loop g = 1 non-planar diagram. 

Here | and | are symmetry factors, we omitted the traces and used usual and fermionic 5 
functions, 

5\ x ) = J -0^e ikx , 5 2 (6) = J Ad 2 Ke~ e \ (2.5) 
A <5 4 (0)<5 2 (0) singularity appears in equation (|2.4J) and we need to regularize it as follows 

in, 

^V 4 (l/)^WlMH { o,o) = ^(^^)V (2-6) 

Here i and j are gauge indices. This equation is a consequence of the Konishi anomaly ^H] ■ 
The gauge field contributes to the matter holomorphic terms only through this anomaly. 
When we consider this theory as a low-energy theory of superstrings, background graviphoton 
field strength and B field do not contribute to this anomaly |18j . 
From the chiral ring properties jHj, 

{W a ,W p } = 0, [$,W a ] = 0, (2.7) 

amplitudes of the diagrams in which more than three W a are in a single trace is zero. 
Considering the combination of the three traces (there are three index loops) and four W a , 
we obtain 

-^r ( 3iV^rTr W a W a —^—^Tt W^Wp + 6^rTr W a W a — Tr W^—Tr . (2.8) 
3m 3 V 64tt 2 64tt 2 p Mix 2 8tt 8tt p J K ' 

Here iV is the rank of the gauge group and we simply assume that the gauge symmetry is 
not broken by the Higgs mechanism. 
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Next, we calculate a non-planar diagram (b). The process is almost the same. The 
difference is in the number of index loops. This non-planar diagram has only one index loop. 
Since we must insert four W a into one index loop, this amplitude is zero because of the chiral 
ring properties. 

Tr W a W a is replaced to glueball superfield S in (|2.8|) in the low energy theory. Then 
we can obtain the two loop parts of the low energy effective action. This result reproduces 
the calculus in [3] 3 . Therefore, Dijkgraaf-Vafa theory can be obtained from the calculation of 
the Feynman rules of the superfield Konishi anomaly (|2.fij) and the chiral ring properties 

(EH)- 

2.2 Diagram calculation in non- commutative superspace 

In this subsection, we calculate the two loop diagrams of figure 1 (a) and (b) in non- 
commutative superspace and non- commutative spacetime described by: 

{e a ,9 p } = 7 a/3 , 
[y»,y v ] = -iC^, 

00} = {9 a , r} =[y\ e a ] = [y», e & ] = o. (2.9) 



Here 7 a/3 , are c-numbers. 

The properties of the non-commutative superspace with C^ v = is studied in [IT]. In 
the F-terms and the D-term of ()2.1|) . we simply replace the standard products with star 
products [20] given by: 

(2.10) 

y=y' 

(2.11) 



/(y)^(y) = exp(-^-A^) f(y)g(y>) 

= m9{d ' ] 



Although we need to treat the anti-holomorphic terms separately, it is not too serious a 
problem, since our interest lies in the holomorphic terms. 

The holomorphy is broken on this non- commutative superspace jTIJ. The spacetime non- 
commutativity C^ v does not prevent the holomorphy pp, but 7 a/3 does. Therefore, when 
one take the commutative limit 7 a/3 — > 0, C^ v — > with the finite ratio det7/ detC, the 
holomorphy is recovered. Since we are interested in field theories under the commutative 
3 Dijkgraaf and Vafa calculate in SU (N) theory and we do in U (N) theory. 



5 



limit, it is meaningful to consider the matter holomorphic terms in the non- commutative 
superspace as in the previous subsection. 

Let us consider the Feynman rules of this non-commutative theory. The propagator of 
$ is the same: 1/m. As in the usual non-commutative field theory, the three point vertex 
exhibits a non-commutative phase 0, 

ge {~i c ^ k ^-b al3 ^-Kp) j (2.12) 

where and p M are momenta and n a and 7Tp are fermionic momenta. Since this non- 
commutative phase disappear in the planar diagrams, the amplitude of the diagrams (a) 
is the same under the commutative limit 7°^ — > 0, C^ u — ► 0. Note that one may regard 
the square of the 5 function as det 7/ detC in (|2.4jl as we will show latter (j3.14j) and one 
may derive another amplitude proportional to det 7/ det C. However, this calculation is 
non-physical, since this amplitude is when one takes det 7/ det C to 0, and this result is 
inconsistent with the calculation of (J2.8|h 

Next, we consider the non-planar diagram (b). In contrast to the planar diagrams, the 
non- commutative phase is not cancelled and the amplitude is 

1 f d 4 k Ad 2 K d A p 4d 2 n f 1 \ 3 , J- iC ^k^-^ Ka n fJ ) _ 9 2 rp f d 4 k Ad 2 K 4 2 

_ g 2 N 4 det 7 
~ 6m 3 (27r) 4 detC 

We can take the commutative limit while holding the ratio det 7/ det C finite and this am- 
plitude does not vanish. 

As a result, we obtain the amplitudes of the usual planar diagrams, as well as that of 
the non-planar diagram under the commutative limit of the non-commutative superspace. 
What is the meaning of the non-vanishing amplitudes of the non-planar diagrams? It is the 
remnant of the non-commutativity in the context of the field theory. However, when we 
consider this theory as a low energy theory of superstring, we can regard these amplitudes 
as the contributions of the background graviphoton field strength and NS-NS B field. 

The non-commutative superspace which we have considered arises on D-branes in Type II 
superstring theory in constant self-dual graviphoton field strength F af3 and constant NS-NS 
B field background JTJ EH] through, for example, calculation of hybrid formalism as 



(2.13) 
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in EH, where 



{6 a , 6 13 } =2a' 2 F af3 , (2.14) 

[/, ! /1=- ! (2W) 2 r, (2.15) 

{04 gP} = {0« ; 0«} = [ y M 0«] = [ y M 0a] = Q ^ 16 ) 

We take the limit a' — > while keeping a finite non-commutativity, so that the non- 
commutative parameters are related to F a/3 and B^ v as, 

a' — ► 0, 

F af3 , B" v — > oo, 
(2na') 2 B flv = C^, 
2a' 2 F aP = 7 a/3 . 



In this non-commutative superspace, we can derive a relation, 

det 7 4det F 



(2.17) 



detC (27r) 8 a' 4 det£' 

Now, we can try to take the commutative limit. If we simply take F al3 and B^ v to be 
finite, the right side of (J2.17)) will diverge. We need to take an appropriate limit to hold this 
ratio finite. We choose to take the following limit, 

B^ — c~ (a')~\ 
F al3 : finite, 

=> 7 a/3 ^0,C^^0 (2.18) 



then ()2.17|) is held finite as follows, 

det 7 
detC 



~detF~F 2 . (2.19) 



As a result, the factor of det 7/ detC in the amplitudes of the non-planar diagrams can be 
regarded as contributions of F 2 under this special limit. The appearance of the amplitudes of 
non-planar diagrams proportional to the background self-dual graviphoton field strength F 2 
has been argued by Ooguri and Vafa in ^2|- We will make some comments about relations 
with our study in section HJ 
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3 The equivalence of the non-planar diagrams in Dijkgraaf- 
Vafa theory 



We have shown that the amplitudes of the non-planar diagrams do not disappear. In 
Dijkgraaf-Vafa theory [U EJ IU EJ El, the amplitudes of the planar diagrams in the su- 
persymmetric theory are equivalent to that of the corresponding matrix model. We will 
show this equivalence can be maintained including the non-planar diagrams in general using 
the argument of Large- iV reduction on the non- commutative superspace [IJEj- 

3.1 Field theory on non- commutative superspace and their re- 
duced model 

We consider the action ()2.1|) with the general superpotential ()2.2j) on the non- commutative 
superspace (J2.9j) . We map this field theory to a supermatrix model. To do so, we introduce 
some matrices corresponding to the non-commutative superspace, 



ir,y] = -ic^, C» x B Xv = 8» v , p» = B^y, \PM = iB llVi [r,Pv] = iW, (3.1) 



Then, fields on the non-commutative space correspond to matrices as follows [T| IHj IT5]. 





(3.3) 



A + 9 a ip a — (9 1 * 9 2 — 9 2 * 9 X )F 



A + 9 a i) a - (fre 2 - 9 2 9 X )F. 



(3.4) 



The differential and integral operators are also mapped as follows, 



id^O(y)^\p^6], 



(3.5) 




(3.6) 



d 



0(y,9)^[n a ,0}, 



(3.7) 



d9 a 




(3.8) 
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where Str denotes a supertrace denned as in PflU] . Then, we can reduce the action (j2.1j) to 



2 - *(27r) 2 x/de7C a ^ _ ? 



S= <T6 v ' -Str mAn $e v $e 

7 8v^et^ t/(JV) V 

+ <2 g^^ {2vr.rStr^ ) (^^) + Str^(W($))} 

+ /" d 2 (27r) 2 v / detc{-27rzfTr l/( ^ ) (w^*) + Tr^ (w($))} . (3.9) 

Here, the hat indicates that the superfield is reduced as in (|3.4j) and their component fields 
are reduced as in ()3.3|) 4 . The matter kinetic term and anti-holomorphic terms are functions 
of 9. N is the infinite rank of the matrices and it is related to the bosonic non-commutativity 
C^ LU PP. We introduce an appropriate dimensionful constant g rn in the supermatrix model 
that is related to the non- commutative parameters through, 



g = Wjgc (3 . 10) 

g m 8Vdet 7 

We can construct in this way a reduced model of the gauge theory (|2.1|) in a non- 
commutative space ()2.9|) . which exhibits a different non-commutativity compared to the 
model (jl.ljl which was studied in pQ. 

3.2 Equivalence of the non-planar diagrams 

As in section 2, the matter holomorphic terms of the action ()3.9|) are important to understand 
the holomorphic parts of the low energy effective theory. Therefore, we discuss the action: 

S = ^Str u( ^(Wm, (3.11) 
and consider the associated non- commutative field theory, 

d A xd 2 d Tr W{$). (3.12) 
In this theory, we can show the equivalence of correlation functions: 

^Str $^ = d%d 2 6 Tr (6\y)5 2 (6)6\y)5 2 (6)<S> k )^ . (3.13) 
Here we use fl3.6|) . (j3.8|l . ()3.1()j) and the equation [T]: 



5 4 (z/)*5%)^ 2 W^ 2 W = i. (3.14) 



In the anti-holomorphic terms, we expand the anti-chiral superfields with respect to y and and their 
component fields are mapped to matrices as in with respect to y instead of y. 
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** on the right hand side of ()3.13|) indicates that we evaluate this amplitude in the non- 
commutative theory (|3.12j) as in section 12.21 The left hand side is evaluated in the corre- 
sponding supermatrix model (j3.11|) . The left side can be expanded in powers of g m /N, 

^Str $ fe \ = /%Str $ fc \ + f%y/^Str$ fe \ + ( ^] /^Str ) + 

(3.15) 



N / \N /n \NJ \N i \NJ \N 



Here the lower right indices represent the contributions of the higher genus diagrams. Cor- 
respondingly, this can be mapped to 



d 4 yd 2 6 Tr (5\y)5\9)5\y)5 2 (6)<b k ) 

d%d 2 6 Tr {5\y)5 2 {6)5\y)5 2 (6)§ k ) 

+ hi^)\S dW (3.i 6 ) 

This means that the supermatrix model is equivalent to the non-commutative field theory 
for non-planar diagrams of genus n. 



Str$A = / j d^OTi (5\y)6 2 (9)5\y)6 2 (9)$ k )\ . (3.17) 



N 



This equivalence has been established on the non-commutative superspace. We are in- 
terested in studying this equivalence under the commutative limits, C^ v — ► 0, 7 a/3 — > 0. 
When we take these limits, a 5 4 (0)<5 2 (0) singularity appears in equation (|3.17|) and we need 
to regularize it as in ()2.6|) . Then we obtain 

^Str <f> fe ) = — !— (Tr W a W a $ k ) . (3.18) 



2/i 



In this equation, the left hand side is of order yg m /Nj and the right hand side is of order 
(det7/ detC)™ compared to the leading order (planar diagrams). Therefore, if det7/ detC 
is finite, the contribution of non-planar diagrams in the field theory is finite, corresponding 
to the supermatrix model with finite g m / N. 

Using (l2~T7j) . (ETtTIJ) and (j3~TUj) . we can obtain, 

g 2 m 64det7 (2) 8 detF 



iV2 (27r) 4 detC (27r) 12 a' 4 det B 



detF, (3.19) 
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in the context of superstring background fields. Therefore, we can regard the contributions 
of the non-planar diagrams in the supermatrix model as that of these fields. 

This field theory is commutative but it is different from the usual commutative field 
theoryjnill] in which the non-planar diagrams do not contribute to the amplitude. However, 
when we take the ratio det 7/ det C to zero, the contribution of non-planar diagrams dis- 
appear and our field theory can reproduce the calculation of the usual field theory. In this 
sense, our theory can be regarded as an extension of Dijkgraaf-Vafa theory. 

This result is consistent with the study of symmetries and mass dimension in E2]- 
In these papers, they calculate some charges and mass dimensions of operators and cou- 
pling constants, and they conclude that the symmetries forbid the non-planar diagrams to 
contribute to the holomorphic quantities in the supersymmetric gauge theory. However, in 
our argument, we add the new constant det 7/ detC which also has these charges and mass 
dimension. Therefore our calculation does not contradict their arguments. 

Dijkgraaf-Vafa theory shows the equivalence of the prepotential T of this gauge theory 
and the free energy F m of this matrix model[3J|I|. As in 0, these quantities satisfy equations 



where is a coupling constant in (|2.2|) and ip is a fermionic parameter in the prepotential 
of the M = 1 field theory 5 . Since these equations hold including all diagrams, the equation 
(I3.18J1 shows the equivalence of T and F m including non-planar diagrams. As a result, 
Dijkgraaf-Vafa theory is applicable for non-planar diagrams as well. 

4 Conclusion and discussion 

We have shown the equivalence between a field theory and a supermatrix model including 
non-planar diagrams and understood how the graviphoton field strength and B field back- 
ground contribute to these non-planar diagrams. Our approach can be regarded as a new 
way to derive Dijkgraaf-Vafa theory from superstring theory. It is interesting to compare 
our approach with the original Dijkgraaf-Vafa approach [HUH]. 

5 A relation between quantities calculated by supermatrix model and by bosonic matrix model is discussed 

in m 




(3.20) 
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Our argument is also applicable to field theories with gauge groups that are the products 
of some unitary groups coupled to adjoint, bifundamental and/or fundamental matter [7j 
and we can study how the non-planar diagrams contribute to them. 

Our result that the graviphoton contributes to the non-planar diagrams can also be 
derived from arguments using diagrams ^2] or Schwinger-Dyson equations ^H]- These ar- 
guments use the C-deformation [TJ] : 

R.^F^Vi m od D, (4.1) 

and consider the theory on the commutative space. (This deformation undoes the non- 
commutative superspace.) The background fields in the superstring theory are different, 
however our non-commutative superspace approach and this C-deformation approach give 
the same result in the field theory. These two approaches should be related in some way. 

The meaning of the 1 / N 2 correction is not clearly understood in general reduced models. 
We have shown how the graviphoton and B field, which are closed superstring background, 
contribute to the 1/N 2 corrections in our reduced model. It would be interesting to extend 
our approach to the graviton multiplet [23] and propose some relation between closed string 
theory and reduced models. 

The relation between non-planar diagrams and the graviphoton has also been advocated 
in the M = 2 field theory context [24J. Our approach may be applied to these theories. 
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